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1. Introduction
This is an expository paper about the index of Toeplitz operators, and in
particular Boutet de Monvel’s theorem [5]. We prove Boutet de Monvel’s
theorem as a corollary of Bott periodicity, and independently of the Atiyah-
Singer index theorem.
Let M be an odd dimensional closed Spinc manifold with Dirac operator
D acting on sections of the spinor bundle S. If E is a smooth C vector bundle
onM , DE denotes D twisted by E. The closure D¯E of DE is an unbounded
self-adjoint operator on the Hilbert space L2(M,S ⊗ E) of L2-sections of
S⊗E. D¯E has discrete spectrum with finite dimensional eigenspaces. Denote
by L2+(M,S ⊗E) the Hilbert space direct sum of the eigenspaces of D¯E for
eigenvalues λ ≥ 0. PE+ denotes the orthogonal projection
PE+ ∶ L
2(M,S ⊗E) → L2+(M,S ⊗E)
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Suppose that α is an automorphism of E, and IS⊗α the resulting automor-
phism of S⊗E. Mα is the bounded invertible operator on L
2(S⊗E) obtained
from IS ⊗α. The Toeplitz operator Tα is the composition of Mα ∶ L
2
+ → L
2
with PE+ ∶ L
2 → L2+,
Tα = P
E
+ Mα ∶ L
2
+(M,S ⊗E) → L
2
+(M,S ⊗E)
The Toeplitz operator Tα is a Fredholm operator (see section 4).
Theorem 1. Let M be an odd dimensional compact Spinc manifold without
boundary. If E is a smooth C vector bundle onM , and α is an automorphsim
of E, then
IndexTα = (ch(E,α) ∪Td(M))[M]
Here ch(E,α) is the Chern character of (E,α), Td(M) is the Todd class of
the Spinc vector bundle TM and [M] is the fundamental cycle of M .
Our proof of Theorem 1 is based on three points:
● Bott periodicity.
● Bordism invariance of the index.
● Invariance of the index under vector bundle modification.
The last two points are analytical, and are proved in this paper. The key
topological feature of our proof is Bott periodicity (in its original form). Our
proof does not use K-theory or K-homology, or cobordism theory, and is
independent of the Atiyah-Singer theorem.
In section 13 we show that Theorem 1 implies Boutet de Monvel’s theo-
rem.
Special cases of Theorem 1, when M = S1, were proven by F. Noether [9],
and Gohberg-Krein [6]. Venugopalkrishna [10] proved the case of Boutet de
Monvel’s theorem when M = S2r+1.
2. Todd class and Chern character
In this section we review the characteristic classes that appear in Theorem
1. We assume familiarity with Chern and Pontryagin classes (see [8]).
The Todd class of a C vector bundle is the characteristic class
Td =∏
j
xj
1 − e−xj
where xj are the Chern roots. The Aˆ class of an R vector bundle is the
characteristic class
Aˆ =∏
j
xj/2
sinh (xj/2)
where xj are the Pontryagin roots. Due to the power series identity
ex/2 ⋅ x/2
sinh (x/2) =
x
1 − e−x
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for a C vector bundle F ,
Td(F ) = ec1(F )/2 Aˆ(F )
where Aˆ(F ) is the Aˆ class of the underlying R vector bundle of F .
A spinc vector bundle is an R vector bundle with given extra structure.
Thus (as an R vector bundle) it has an Aˆ class. Associated to each spinc
vector bundle F is a C line bundle LF . If F is a C vector bundle, LF is the
determinant bundle. The first Chern class c1(F ) of a spinc vector bundle
is, by definition, the Chern class of LF . The Todd class of a spin
c vector
bundle F is defined by the formula,
Td(F ) = ec1(F )/2 Aˆ(F )
For a spin vector bundle F the associated line bundle is trivial, and so
Td(F ) = Aˆ(F )
The Chern character ch(E,α) of a smooth C vector bundle E with smooth
automorphism α is as follows. First assume that E is the trivial bundle
X × Cr, and α is a smooth map α ∶ X → GL(r,C). Then if the dimension
of X is 2m + 1, the Chern character is the cohomology class represented by
the differential form
ch(α) = m∑
j=0
− j!(2j + 1)!(2pii)j+1Tr((α−1dα)2j+1)
More generally, if E is not trivial, choose a vector bundle E′ such that
E⊕E′ is trivialized, and extend α by adding the identity automorphism on
E′. Then proceed as above.
3. Toeplitz operators on the circle
The simplest case of Theorem 1 is:
Theorem 2. For a continuous function f ∶ S1 → C ∖ {0} the Fredholm
operator Tf has index
IndexTf = −winding numberf
Proof. First consider f(z) = zm with m ≥ 0. Using the orthonormal basis
en(z) = zn (with n ≥ 0) of L2+(S1), we have Tzmen = en+m. Thus.
dimKerTzm = 0 dimCokerTzm =m
If m < 0 we get Tzmen = 0 for n = 0, . . . , ∣m∣ − 1 and Tzmen = en+m otherwise.
Then,
dimKerTzm = ∣m∣ = −m dimCokerTzm = 0
In both cases we find IndexTf = −m.
Now let f ∶ S1 → C∖{0} be an arbitrary continuous function with windf =
m. Then f is homotopic to zm by a homotopy ft ∶ S1 → C ∖ {0}, t ∈ [0,1].
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Since the map f ↦ Tf , C(S1) → B(L2+) is continous, it follows that Tft is a
norm continuous path of Fredholm operators. Therefore
IndexTf = IndexTzm = −m = −winding numberf

When f is smooth,
−winding numberf = − 1
2pii ∫S1 f
−1df = ch(f)[S1]
4. Toeplitz operators on closed manifolds
With notation as in the introduction, in this section we prove that the
Toeplitz operator Tα is a Fredholm operator. First assume that E =M ×C
is a trivial line bundle. The Dirac operator D of M acts on C∞-sections of
the spinor bundle S,
D ∶ C∞(M,S)→ C∞(M,S)
As above, denote by L2+(M,S) the Hilbert space direct sum of the eigenspaces
of D¯ for eigenvalues λ ≥ 0. P+ denotes the orthogonal projection
P+ ∶ L2(M,S) → L2+(M,S) ⊂ L2(M,S)
For a continuous function f ∈ C(M), Mf denotes the multiplication opera-
tor on L2(S), (Mfu)(x) = f(x)u(x) u ∈ L2(S)
Lemma 3. The commutator [P+,Mf ] = P+Mf −MfP+ is compact for
every continuous function f on M .
Proof. If f is a smooth function, then Mf is a pseudodifferential operator
of order zero. Therefore, the commutator [P+,Mf ] is a pseudodifferential
operator of order −1, and hence compact. Since ∥Mf∥ = ∥f∥∞ we have∥[P,Mf ]∥ ≤ 2∥f∥∞, so the map f ↦ [P+,Mf ] is continuous. The lemma
follows since C∞(M) is uniformly dense in C(M) and the space of compact
operators is closed in operator norm. 
Now let E be any smooth hermitian vector bundle onM . For a continous
endomorphism α of E (viewed as a topological vector bundle),Mα denotes
the bounded operator on L2(M,S ⊗E) determined by IS ⊗α. Here α is not
necessarily an automorphism of E.
Lemma 4. The commutator [PE+ ,Mα] is compact for every continuous
endomorphism α of E.
Proof. If E =M×Cr is a trivial bundle, thenMα is a r×r matrix of multipli-
cation operators by functions. Then [PE+ ,Mα] is a matrix of commutators
of P+ with functions, each of which is compact by the previous lemma. Thus[PE+ ,Mα] is compact when E is a trivial vector bundle.
In general, choose F such that E ⊕F is a trivial vector bundle. Then we
can take DE⊕F =DE ⊕DF , hence PE⊕F+ = PE+ ⊕PF+ . Also Mα⊕0 =Mα ⊕ 0,
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and so [PE⊕F+ ,Mα⊕0] = [PE+ ,Mα]⊕ 0. Since [PE⊕F+ ,Mα⊕0] is compact, so
is [PE+ ,Mα].

Proposition 5. If α,β are two endomorphisms of E, then TαTβ − Tαβ is
a compact operator. Therefore, if α is an automorphism of E then Tα is a
Fredholm operator.
Proof. Due to Lemma 4, modulo compact operators we have
TαTβ = PMαPMβ ∼ PPMαMβ = PMαβ = Tαβ
It follows that if α is an automorphism with inverse β, then TαTβ − I and
TβTα − I are compact operators. Therefore Tα is Fredholm by Atkinson’s
theorem. 
5. Toeplitz operators on compact manifolds with boundary
In this section Ω is a compact even dimensional Spinc manifold with
boundaryM = ∂Ω, and DΩ is the Dirac operator of Ω, acting on sections in
the graded spinor bundle S+ ⊕ S−,
DΩ ∶ C∞c (Ω ∖M,S+)→ C∞c (Ω ∖M,S−)
We denote by D¯Ω the maximal closed extension of DΩ. D¯Ω is a closed
unbounded Hilbert space operator with domain
{u ∈ L2(Ω, S+) ∣ DΩu ∈ L2(Ω, S−)}
where DΩu is taken in the distributional sense. Denote the kernel of D¯Ω by
N (D¯Ω) = {u ∈ L2(Ω, S+) ∣ DΩu = 0}
and let Q be the Hilbert space projection of L2(Ω, S+) onto the closed linear
subspace N (D¯Ω),
Q ∶ L2(Ω, S+)→N (D¯Ω)
For a continuous function f ∈ C(Ω), let Mf denote the multiplication oper-
ator
Mf ∶ L2(Ω, S+ ⊕ S−)→ L2(Ω, S+ ⊕ S−) (Mfu)(x) = f(x)u(x)
M+f and M
−
f are the restrictions of Mf to positive and negative spinors
respectively.
Proposition 6. The commutator [Q,M+f ] is a compact operator for all
f ∈ C(Ω). Moreover, M+fQ is compact if f(x) = 0 for all x ∈ ∂Ω.
Proof. Let T be the bounded operator
T = D¯Ω(1 + D¯∗ΩD¯Ω)−1/2
and V the partial isometry (with the same kernel as D¯Ω) determined by the
polar decomposition
D¯Ω = V ∣D¯Ω∣, ∣D¯Ω∣ = (D¯∗ΩD¯Ω)1/2
T has the following standard properties:
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● T − V is a compact operator.
● M+fT − TM−f is compact for all f ∈ C0(Ω ∖M).
● M+f (I − T ∗T ) is compact for all f ∈ C0(Ω ∖M).
Proposition 1.1 in [2] implies the much stronger property:
● M+fT − TM−f is compact for all f ∈ C(Ω).
Since also T ∗M+f −M−fT ∗ is compact for all f ∈ C(Ω), we obtain that the
commutators [M+f , T ∗T ] are compact. Note that
ker D¯Ω = ker T = ker V
Therefore Q = I − V ∗V differs from I − T ∗T by a compact operator. Hence[Q,M+f ] is compact. Finally, the third property above implies thatM+fQ is
compact if f ∈ C0(Ω ∖M). (For full details, see [2].)

An endomorphism θ of the trivial vector bundle E = Ω × Cr is naturally
identified with a continuous matrix-valued function
θ ∶ Ω→Mr(C)
The multiplication operator Mθ is the bounded operator on the Hilbert
space
L2(Ω, S+ ⊗E) = L2(Ω, S+)⊗Cr
obtained from IS+ ⊗ θ. Denote Qr = Q⊗ Ir,
Qr ∶ L2(Ω, S+)⊗Cr →N (D¯Ω)⊗Cr
where Ir is the r × r identity matrix.
Corollary 7. For every continuous map θ ∶ Ω → Mr(C), the commutator[Qr,Mθ] is a compact operator on L2(Ω, S+) ⊗ Cr. Moreover, MθQr is
compact for every θ such that θ(x) = 0 for all x ∈M . Here Qr is viewed as
an operator from L2 to L2.
Proof. The proof is the same as the proof of Lemma 4. 
The Toeplitz operator Tθ is the composition of Mθ with Qr,
Tθ = QrMθ ∶N (D¯Ω)⊗Cr →N (D¯Ω)⊗Cr
Proposition 8. If θ, η are two continuous maps Ω→Mr(C), then TθTη−Tθη
is compact. If θ(x) = 0 for all x ∈M = ∂Ω then Tθ is compact. Therefore Tθ
is a Fredholm operator if θ(x) is an invertible matrix for every x ∈M .
Proof. The first two statements follow from Proposition 6. Now let θ ∶ Ω →
Mr(C) be a continuous function, and θ(x) invertible for every x ∈ M . Let
η(x) = θ(x)−1, and extend η to a continuous function η ∶ Ω→Mr(C). Then
modulo compact operators Tθη ∼ I and so TθTη ∼ TηTθ ∼ I. 
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Remark 9. Results closely related to the content of this section were proved
by Venugopalkrishna [10] in the special case where Ω is a strongly pseudo-
convex domain in Cn. For the general case of compact Spinc manifolds with
boundary see [2], and also [1].
6. The trace map and the Calderon projection
In this section we show how the index of Toeplitz operators on Ω is related
to the index of Toeplitz operators on M . As in the previous section, Ω is a
compact even dimensional Spinc manifold and M is the boundary of Ω. DΩ
is the Dirac operator of Ω, acting on sections of the spinor bundles S+ and
S−. DM is the Dirac operator of M , acting on sections of the spinor bundle
S. We identify S+∣M = S.
We denote the L2 Sobolev space of degree s ∈ R (on Ω or on M) by Ws.
Note thatW0 = L
2. C∞(Ω, S+) is the space of sections of S+ that are smooth
on Ω, which means, in particular, that all derivatives up to all orders extend
continuously to the boundary M . For a smooth section s ∈ C∞(Ω, S+), let
γ(s) ∈ C∞(M,S) denote the restriction of s to M . The restriction map γ
extends to a bounded linear map on Sobolev spaces, called the trace map,
γs ∶Ws+ 1
2
(Ω, S+)→Ws(M,S) s ∈ R
Let W ♮s(M,S) be the subspace of Ws(M,S) consisting of restrictions to the
boundary (via the trace map) of distributional solutions of DΩu = 0,
W ♮s(M,S) = {γs(u) ∣ u ∈Ws+ 1
2
(Ω, S+), DΩu = 0}
The Calderon projection P♮ is the orthogonal projection of L
2 onto W ♮0 ,
P♮ ∶ L2(M,S) →W ♮0(M,S) ⊂ L2(M,S)
P♮ is a pseudodifferential operator of order zero. For all s ∈ R, the range of
the idempotent P♮ ∶Ws →Ws is W ♮s (M,S).
Proposition 10. The bounded operator F ∶= P♮(1 +D2M)−1/4 ○ γ− 1
2
,
F ∶N (D¯Ω)→W ♮0(M,S)
is Fredholm.
Proof. The space of L2-solutions u ∈ L2(Ω, S+) of the Dirichlet problem
DΩu = 0, γ− 1
2
(u) = 0
is finite dimensional. Therefore the surjective map
γ− 1
2
∶N (D¯Ω)→W ♮− 1
2
(M,S)
is a Fredholm operator.
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Denote A = (1 +D2M )−1/4. A is an elliptic pseudodifferential operator of
order −1/2. A has scalar symbol, and so the commutator [A,P♮] is of order
−3/2. Let B be the pseudodifferential operator of order −1/2,
B = P♮AP♮ + (I − P♮)A(I −P♮)
A −B is of order −3/2,
A −B = P♮A(I −P♮) + (I −P♮)AP♮
= [P♮,A](I − P♮) + (I − P♮)[A,P♮]
and so A and B have the same principal symbol. Thus B is elliptic, and the
bounded operator
B ∶W− 1
2
(M,S) → L2(M,S)
is Fredholm. Because B commutes with P♮, B restricts to a bounded oper-
ator
B♮ ∶W ♮− 1
2
(M,S) →W ♮0(M,S)
which is also Fredholm. Finally, F = P♮A ○γ− 1
2
= B♮ ○γ− 1
2
is the composition
of two Fredholm operators.

For a smooth funtion f˜ ∈ C∞(Ω), let T
f˜
= QM
f˜
be the operator
Tf˜ ∶N (D¯Ω)→N (D¯Ω)
with Q as in section 5. If f is the restriction of f˜ to M , let T ♮f = P♮Mf be
the operator
T ♮f ∶W 0♮ (M,S) →W 0♮ (M,S)
Proposition 11. With F = P♮(1 +D2M)−1/4 ○ γ− 1
2
as above, the diagram
N (D¯Ω) Tf˜ //
F

N (D¯Ω)
F

W 0♮ (M,S) T
♮
f
// W 0♮ (M,S)
commutes modulo compact operators, i.e. FT
f˜
− T ♮fF is a compact operator
for any f˜ ∈ C∞(Ω), and f = f˜ ∣M .
Proof. Let ∼ denote equality modulo compact operators. By Proposition 6,
FT
f˜
= FQM
f˜
∼ FM
f˜
Q = FM
f˜
= P♮Aγ− 1
2
M
f˜
P♮ and A are pseudodifferential operators, and the principal symbols of P♮
and A commute with the symbol of Mf . Therefore P♮Mf ∼ MfP♮ and
AMf ∼MfA, and
T ♮fF = P♮MfP♮Aγ− 1
2
∼ P♮AMfγ− 1
2
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The proposition now follows from the equality
γ− 1
2
M
f˜
=Mfγ− 1
2

Corollary 12. With f˜ , f , as above, if f(x) ≠ 0 for all x ∈M , then T
f˜
and
T ♮f are Fredholm operators, and
IndexT
f˜
= IndexT ♮f
Proof. As in section 4, since the projection P♮ is a pseudodifferential oper-
ator of order zero, T ♮f is Fredholm if f(x) ≠ 0 for all x ∈ M . Combining
Propositions 10 and 11 we see that FT
f˜
and T ♮fF are Fredholm operators
with the same index, and therefore
IndexF + IndexT
f˜
= IndexT ♮f + IndexF

The Calderon operator P♮ and the projection P+ (defined in section 4) are
pseudodifferential operators of order zero with the same principal symbol.
This fact, combined with Corollary 12, gives the main result of this section.
Proposition 13. Let θ ∶M → Mr(C) be a continuous matrix-valued func-
tion on M , such that θ(x) is invertible for all x ∈ M , and θ˜ ∶ Ω → Mr(C)
any continuous extension of θ to Ω. Then the Fredholm operators
Tθ. ∶ L2+(M,S) ⊗Cr → L2+(M,S)⊗Cr
(as in section 4) and
T
θ˜
∶ N (D¯Ω)⊗Cr →N (D¯Ω)⊗Cr
(as in section 5) have the same index,
IndexTθ = IndexTθ˜
Proof. For simplicity, assume first that r = 1. The projections P♮ and P+
differ by a compact operator, because they have the same principal symbol.
This implies that
IndexTθ = IndexT
♮
θ
The proposition now follows from Corollary 12.
For r > 1, the evident generalizations of Proposition 10, Proposition 11,
and Corollary 12 are valid, and Proposition 13 follows.

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7. Bordism invariance of the index
In this section we prove bordism invariance of the index of Toeplitz oper-
ators, based on the results of sections 5 and 6.
Proposition 14. Let Ω be a compact even dimensional Spinc manifold with
boundary M . Let E˜ be a smooth C vector bundle on Ω, and α˜ an auto-
morphism of E˜. Denote by (E,α) the restriction of (E˜, α˜) to M , and by
Tα = P
E
+ Mα the Toeplitz operator determined by α,
Tα ∶ L2+(M,S ⊗E)→ L2+(M,S ⊗E)
Then
IndexTα = 0
Proof. Choose F˜ such that E˜ ⊕ F˜ ≅ Ω × Cr is trivial. Then the Toeplitz
operator Tα⊕IF determined by the automorphism α ⊕ IF of E ⊕ F has the
same index as Tα. Thus, it suffices to prove the proposition for trivial vector
bundles E. Hence we assume that α˜ and α are matrix valued functions,
α˜ ∶ Ω→ GL(r,C) α ∶M → GL(r,C)
Note that α˜(x) is invertible for all x ∈ Ω. By Proposition 13, it suffices to
show that
IndexTα˜ = 0
where Tα˜ is the Toeplitz operator determined by α˜,
Tα˜ ∶N (D¯Ω)⊗Cr →N (D¯Ω)⊗Cr
There is the direct sum decomposition
L2(Ω, S+)⊗Cr =N (D¯Ω)⊗Cr ⊕N (D¯Ω)⊥ ⊗Cr
With respect to this decomposition, the multiplication operator Mα˜ =M
+
α˜
is a 2 × 2 matrix
M+α˜ = ( Tα˜ AB Sα˜ )
where A and B are compact operators by Proposition 7. Since Mα˜ is in-
vertible, Tα˜ and Sα˜ are Fredholm operators, and
IndexTα˜ + IndexSα˜ = IndexM+α˜ = 0
Thus it will suffice to show that
IndexSα˜ = 0
As in section 5 above, let V be the partial isometry determined by D¯Ω =
V ∣D¯Ω∣, where V has the same kernel as D¯Ω. Denote Vr = V ⊗ Ir. Consider
the diagram
N (D¯Ω)⊥ ⊗Cr Sα˜ //
Vr

N (D¯Ω)⊥ ⊗Cr
Vr

L2(Ω, S−)⊗Cr M−α˜ // L2(Ω, S−)⊗Cr
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In this diagram Vr is a Fredholm operator. The diagram commutes modulo
compact operators, because
VrSα˜ = Vr(I −Qr)M+α˜ ∼ VrM+α˜(I −Qr) = VrM+α˜
where ∼ denotes equality modulo compact operators. Finally
VrM
+
α˜ ∼M
−
α˜Vr
follows from
TM+α˜ ∼M
−
α˜T
where T = D¯Ω(I + D¯∗ΩD¯Ω)−1/2 (as in the proof of Proposition 6), and the
fact that T − V is compact.
Thus, the Fredholm operators VrSα˜ andM
−
α˜Vr have the same index, and
additivity of the index implies
IndexSα˜ = IndexM
−
α˜
Since M−α˜ is an invertible operator, it has index zero.

8. The product lemma
LetM1 andM2 be two closed even dimensional spin
c manifolds with Dirac
operators D1,D2. The Dirac operator of M1 ×M2 is the sharp product,
DM1×M2 =D1#D2 = (D1 ⊗ I −I ⊗D∗2I ⊗D2 D∗1 ⊗ I )
where the 2 × 2 matrix is an operator from the positive spinors
S+M1×M2 = (S+1 ⊗ S+2 )⊕ (S−1 ⊕ S−2 )
to the negative spinors
S−M1×M2 = (S+1 ⊗ S−2 )⊕ (S+1 ⊕ S−2 )
It is straightforward to derive from this formula that
IndexD = IndexD1 ⋅ IndexD2
In this section we prove the analogue of this product formula in the case
when M1 is odd dimensional and M2 is even dimensional.
Proposition 15. Let M be a closed odd dimensional spinc manifold, and
let E, α, Mα, Tα be as above. Let W be a closed even dimensional spin
c
manifold, and F a smooth C vector bundle on W . On the odd dimensional
spinc manifold M ×W , let Tα⊗IF be the Toeplitz operator associated to the
automorphism α⊗ IF of the vector bundle E ⊠F . Then
Index (Tα⊗IF ) = IndexTα ⋅ Index (DW ⊗ F )
where DW ⊗ F is the Dirac operator of W twisted by F .
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Proof. Let A = DM ⊗E denote the Dirac operator of M twisted by E, and
B =DW ⊗F the Dirac operator of W twisted by F . B = B+⊕B− is graded.
The spinor bundle of M ×W is
SM×W = SM ⊗ SW = (SM ⊗ S+W )⊕ (SM ⊗ S−W )
where SM , SW = S
+
W ⊕ S−W are the spinor bundles of M,W .
The Dirac operator of M ×W twisted by E ⊗F is
D = ( A⊗ I I ⊗B−
I ⊗B+ −A⊗ I)
acting on the direct sum
[(SM ⊗E)⊗ (S+W ⊗F )]⊕ [(SM ⊗E)⊗ (S−W ⊗F )]
Consider the polar decomposition B = V ∣B∣, where V is a partial isometry
with the same kernel as B. Let U be the operator
U = ( 0 I ⊗ −V −
I ⊗ V + 0 )
U anticommutes with D and commutes with Mα⊗IF ,
UD = −DU UMα⊗IF =Mα⊗IFU
V restricts to a unitary operator on (KerB)⊥, and thus U restricts to a
unitary operator on L2(SEM)⊗ (KerB)⊥.
View the Hilbert space L2((SM ⊗E) ⊠ (SW ⊗F )) as the direct sum
[L2(SEM)⊗KerB+]⊕ [L2(SEM)⊗KerB−]⊕ [L2(SEM)⊗ (KerB)⊥]
where SEM = SM ⊗E. The multiplication operator Mα⊗IF is
Mα⊗IF =
⎛⎜⎝
Mα ⊗ IKerB+ 0 0
0 Mα ⊗ IKerB− 0
0 0 Mα ⊗ I(KerB)⊥
⎞⎟⎠
The three summands are invariant spaces for D, and the positive space of
D is
[L2+(SEM)⊗KerB+]⊕ [L2−(SEM)⊗KerB−]⊕H
whereH is a closed linear subspace of L2(SEM )⊗(KerB)⊥. Thus the Toeplitz
operator Tα⊗IF is of the form
Tα⊗IF =
⎛⎜⎝
Tα ⊗ IKerB+ 0 0
0 T −α ⊗ IKerB− 0
0 0 Q
⎞⎟⎠
where T −α is the compression of Mα to L
2
−(SEM), and Q is the restriction of
Tα⊗IF to H. Since
IndexT −α = −IndexTα
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it follows that
IndexTα⊗IF = IndexTα ⋅ dimKerB+ + IndexT −α ⋅ dimKerB− + IndexQ
= IndexTα ⋅ IndexB + IndexQ
On the third summand L2(SEM)⊗ (KerB)⊥ we have
UDU∗ = −D UMα⊗IFU∗ =Mα⊗IF
Therefore the compression ofMα⊗IF to the positive space (i.e. the operator
Q) has the same index as the compression to the negative space. Hence both
are zero, i.e. IndexQ = 0

9. Vector bundle modification
With M,E,α as above, let F →M be a spinc vector bundle on M with
even fiber dimension n = 2r. Part of the Spinc datum of F is a principal
Spinc(n) bundle P on M ,
F = P ×Spinc(n) Rn
where Spinc(n) acts on Rn via the map Spinc(n)→ SO(n). The Bott gener-
ator vector bundle β on Sn ⊂ Rn×R is Spinc(n) equivariant, where Spinc(n)
acts on the first factor Rn. Therefore, associated to P we have a fiber bundle
pi ∶ΣF →M whose fibers are oriented spheres of dimension n,
ΣF = P ×Spinc(n) Sn
and a vector bundle on ΣF
βF = P ×Spinc(n) β
Since M is a an dimensional Spinc manifold, the total space of F is an odd
dimensional Spinc manifold, because TF = pi∗F ⊕pi∗TM , and the direct sum
of two Spinc vector bundles is Spinc. Every trivial bundle is Spinc, so the
total space of F ⊕ R is Spinc. ΣF is a Spinc manifold as the boundary of
the unit ball bundle of F ⊕R.
On the odd dimensional Spinc manifold ΣF we have a Toeplitz operator
Tα˜, where α˜ is the automorphism pi
∗α ⊗ I of the vector bundle pi∗E ⊗ βF .
Here pi ∶ ΣF →M is the projection.
Proposition 16.
IndexTα = IndexTα˜
The proof of Proposition 16 is a straightforward generalization of the
proof of Proposition 15, and uses the following basic fact about the Dirac
operator of an even dimensional sphere.
Proposition 17. If D is the Dirac operator of the even dimensional sphere
Sn with the Spinc structure it receives as the boundary of the unit ball in
Rn+1, then Dβ has one dimensional kernel and zero cokernel, and so
IndexDβ = 1
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Moreover, Dβ is equivariant for the group Spin
c(n + 1) which acts by ori-
entation preserving isometries on Sn, and this group acts trivially on the
kernel of Dβ .
Proof. Recall that if V is a finite dimensional vector space, then there is a
canonical nonzero element in V ⊗V ∗, which maps to the identity map under
the isomorphism V ⊗ V ∗ ≅ Hom(V,V ).
On any even dimensional Spinc manifold M , there is a canonical isomor-
phism of vector bundles
S ⊗ S∗ ≅ ΛCTM
where S is the spinor bundle of M . This is implied by the fact that, as
representations of Spinc(n),
C2
r ⊗ (C2r)∗ ≅ ΛCRn
Via this isomorphism, DS∗ identifies (up to lower order terms) with d + d∗,
where d is the de Rham operator, and d∗ its formal adjoint. Note that the
kernel of DS∗ is the same as the kernel of D
2
S∗ = (d + d∗)2, i.e. it consists of
harmonic forms. On Sn the only harmonic forms are the constant functions,
and scalar multiples of the standard volume form.
Because the Bott generator vector bundle β is dual to S+, S+ ⊗ β ≅
Hom(S+, S+) contains a trivial line bundle, which identifies with the line
bundle in Λ0 ⊕Λn spanned by (1, ω), where ω is the standard volume form.
This follows from representation theory. Thus, the kernel of Dβ is the one
dimensional vector space spanned by the harmonic forms c + cω, c ∈ C. The
intersection of Λ0⊕Λn with S−⊗β is zero, and so the cokernel of Dβ is zero.

Remark 18. Dβ is the (positive) half-signature operator of S
n (with n even).
Proof of Proposition 16. If F is a trivial bundle, then ΣF = M × Sn and
Proposition 16 is a special case of Proposition 15. In general, ΣF is a
sphere bundle over M . The proof is essentially the same as the proof of
Proposition 15, with the following modifications.
The sharp product formula for the Dirac operator of ΣF twisted by pi∗E⊗
βF ,
D = ( A⊗ I I ⊗D−β
I ⊗D+β −A⊗ I)
is correct in local trivializations of ΣF . Note that Dβ is equivariant for the
action of the structure group of the sphere bundle ΣF . We can therefore
construct the partial isometry U as in the proof of Proposition 15, with the
properties
UD = −DU UMα⊗I =Mα⊗IU
D andMα⊗I act on the Hilbert space H = L
2(SΣF ⊗pi∗E⊗βF ). The Hilbert
space L2(SSn ⊗ β) on which Dβ acts is a direct sum KerDβ ⊕ (KerDβ)⊥.
The summands are invariant for the structure group SO(n+1) of the sphere
bundle ΣF . If we view H as the Hilbert space of L2-section in a field of
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Hilbert spaces over M , the orthogonal decomposition of its fibers gives rise
to an orthogonal decomposition H = H1 ⊕H2. The subspaces H1 and H2
are invariant for D as well as forMα⊗I , and U restricts to a unitary on H2.
The Toeplitz operator Tα˜ = T1⊕T2 has a corresponding direct sum decom-
position, where Tj acts on a subspace of Hj. As in the proof of Proposition
15, IndexT2 = 0 because IndexUT2U
∗
= −indexT2. Due to the fact that the
structure group acts trivially on KerDβ , the first summand H1 identifies
canonically with L2(SM ⊗E), and T1 identifies with Tα. Thus,
IndexTα˜ = IndexT1 + IndexT2 = IndexTα

Remark 19. The canonical identifications H1 = L
2(SM ⊗E) and T1 = Tα in
the above proof are due to the fact that the kernels of the family of Dirac
operators of the fibers of ΣF , twisted by βF , form a trivial line bundle over
M .
10. Bordism and vector bundle modification for the
topological index
Bordism invariance of the topological index follows immediately from
Stokes’ Theorem.
Proposition 20. Let Ω be a compact even dimensional Spinc manifold with
boundary M . Let E˜ be a smooth C vector bundle on Ω, and α˜ an auto-
morphism of E˜. Denote by (E,α) the restriction of (E˜, α˜) to M , and by
Tα = P
E
+ Mα the Toeplitz operator determined by α,
Tα ∶ L2+(M,S ⊗E)→ L2+(M,S ⊗E)
Then (ch(E,α) ∪Td(M))[M] = 0
Proof. The restriction of the Spinc vector bundle TΩ to M is the direct
sum of the Spinc vector bundle TM with a trivial line bundle (i.e. the
normal bundle). The Todd class is a stable characteristic class. Therefore
the cohomology class Td(M) is the restriction of Td(Ω) to M . Likewise,
by naturality, ch(E,α) is the restriction to M of ch(E˜, α˜). The proposition
now follows from Stokes’ Theorem.

Invariance of the topological index under vector bundle modification is
(ch(pi∗E ⊗ βF , pi∗α⊗ I) ∪Td(ΣF ))[ΣF ] = (ch(E,α) ∪Td(M))[M]
Note that
ch(pi∗E ⊗ βF , pi∗α⊗ I) = pi∗ch(E,α) ∪ ch(βF )
As spinc vector bundles on ΣF = S(F ⊕R),
R⊕ T (ΣF ) ≅ pi∗F ⊕R⊕ pi∗(TM)
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Multiplicativity of the Todd class implies
Td(ΣF ) = pi∗Td(M) ∪ pi∗Td(F )
Therefore invariance of the topological index under vector bundle modifica-
tion follows from
Proposition 21.
pi! ch(βF ) = 1
Td(F )
where pi! is integration along the fiber of pi ∶ΣF →M .
For a proof of Proposition 21, see section 6.2 in [3].
11. Sphere lemma
Lemma 22. Let M,E,α be as above. If n = dimM , then for every odd
integer m ≥ 2n + 1 there exists a continuous map α˜ ∶ Sm → GL(r,C) such
that
IndexTα = IndexTα˜
and (ch(E,α) ∪Td(M))[M] = ch(α˜)[Sm]
Remark 23. Note that Td(Sm) = 1 if m is odd.
Proof. We shall prove the Lemma by moving, in a finite number of steps,
from (M,E,α) to (Sm,Cr, α˜). Each step preserves the analytic index as
well as the topological index. We denote equality of both the analytic and
topological index as an equivalence ∼ of triples.
By the Whitney Embedding Theorem, M embeds in Rm. The 2-out-of-3
principle implies that the normal bundle ν
0→ TM →M ×Rm → ν → 0
is spinc oriented. Vector bundle modification by ν gives
(M,E,α) ∼ (Σν,pi∗E ⊗ βν , pi∗α⊗ I)
By adding on a vector bundle with its identity automorphism, if necessary,
(Σν,pi∗E ⊗ βν , pi∗α⊗ I) ∼ (Σν,Cr, α1)
Since M is compact we may assume that M is embedded in the interior of
the unit ball of Rm. Using the inclusion Rm → Rm+1, a compact tubular
neighborhood of M in Rm+1 identifies with the ball bundle B(ν⊕R), whose
boundary is Σν. Let Ω be the unit ball of Rm+1 with the interior of B(ν⊕R)
removed. Then Ω is a bordism of spinc manifolds from Σν to Sm.
By Lemma 24 below, there exist continuous maps α2 ∶ Ω→ GL(r,C), α3 ∶
B(ν ⊕R)→ GL(r,C), such that, when restricted to Σν, α3α1 = α2. Then
IndexTΣνα2 = IndexT
Σν
α3α1
= IndexTΣνα3 + IndexTΣνα1
Since Σν is the boundary of B(ν ⊕R) and α3 is invertible on B(ν ⊕R),
IndexTΣνα3 = 0
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Thus
IndexTΣνα2 = IndexT
Σν
α1
The same argument applies to the topological index, and we obtain
(Σν,Cr, α1) ∼ (Σν,Cr, α2)
Finally, the bordism (Ω, α2) gives
(Σν,Cr, α2) ∼ (Sm,Cr, α2)

Lemma 24. Let the unit ball in Rn be the union of two compact subsets
B,Ω with Σ = B ∩Ω. Given a continuous map α ∶ Σ→ GL(r,C), there exist
continuous maps α1 ∶ B → GL(r,C), α2 ∶ Ω → GL(r,C) such that, when
restricted to Σ, α1α = α2.
Proof. Let E be the vector bundle on the unit ball in Rn obtained by clutch-
ing trivial bundles on B and Ω via α,
E = Ω ×Cr ⊔B ×Cr/ ∼ (p, v) ∼ (p,α(p)v) p ∈ Σ
Because the unit ball is contractible, E can be trivialized. A trivialization
of E amounts to a choice of continuous maps α1 ∶ B → GL(r,C), α2 ∶ Ω →
GL(r,C) such that α1(p)α(p)v = α2(p)v for all p ∈ Σ, v ∈ Cr.

12. Proof of the index theorem
Bott periodicity is the following statement about the homotopy groups of
GL(n,C) [4],
pij GL(n,C) ≅ { Z j odd0 j even
j = 0,1,2, . . . ,2n − 1
Proposition 25. Let Sm be an odd dimensional sphere. If α ∶ Sm →
GL(r,C) is a continuous map then
IndexTα = ch(α)[Sm]
Proof. Assume r ≥ (m+1)/2, so that pimGL(r,C) ≅ Z. If not, replace r with
r′ ≥ (m + 1)/2, and α with α⊕ Ir′−r.
Due to homotopy invariance of the index, the analytic and topological
index determine maps
φ ∶ pimGL(r,C) → Z φ([α]) = IndexTα
ψ ∶ pimGL(r,C) → Q ψ([α]) = ch(α)[Sm]
Note that if α1, α2 ∶ Sm → GL(r,C) represent two elements in pimGL(r,C),
their product in pimGL(r,C) can be represented by the map p↦ α1(p)α2(p).
Since
IndexTα1α2 = IndexTα1 + IndexTα2 ch(α1α2) = ch(α1) + ch(α2)
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it follows that φ ∶ Z → Z and ψ ∶ Z → Q are homomorphisms of abelian
groups.
By Theorem 2, for f ∶ S1 → C ∖ {0}, f(z) = z−1,
IndexTf = ch(f)[S1] = 1
Then by Lemma 22 there exists α ∶ Sm → GL(r,C) with
IndexTα = ch(α)[Sm] = 1
This implies that φ([α]) = ψ([α]) for all [α] ∈ pimGL(r,C) ≅ Z.

Remark 26. For an alternate approach to this proof, using Bott periodicity
combined with a direct calculation, see Venugopalkrishna [10].
Proof of Theorem 1. By Lemma 25, Theorem 1 holds for odd dimensional
spheres M = Sm. Then by Lemma 22, Theorem 1 holds for all odd dimen-
sional spinc manifolds M .

13. Boutet de Monvel’s theorem
Let Ω˜ be a complex analytic manifold, and Ω0 ⊂ Ω˜ a relatively compact
open submanifold with smooth boundary M = ∂Ω0. Choose a defining
function of the boundary ρ ∶ Ω0 → R with Ω = ρ−1((−∞,0)), M = ρ−1(0), and
dρ(p) ≠ 0 for all p ∈M . The boundary of Ω0 is called strictly pseudoconvex
if for every p ∈M and every holomorphic vector w that is tangent to M ,
w ∈ T 1,0p M = T
1,0
p Ω˜ ∩ (TpM ⊗C)
we have
∂∂¯ρ(w, w¯) > 0 if w ≠ 0
Strict pseudoconvexity is biholomorphically invariant. A domain Ω0 in Cn
whose boundary is strictly convex in the Euclidean sense is strictly pseudo-
convex.
The Hardy space H2(M) is the space of L2-functions on M that extend
to a holomorphic function on Ω. The Szego¨ projection S is the orthogonal
projection
S ∶ L2(M) →H2(M)
For a continuous map α ∶ M → GL(r,C), let Mα be the corresponding
multiplication operator on L2(M) ⊗ Cr. The Toeplitz operator Tα is the
composition of Mα with S ⊗ Ir,
Tα = (S ⊗ Ir)Mα ∶H2(M)⊗Cr →H2(M)⊗Cr
Tα is a bounded Fredholm operator. Boutet de Monvel’s theorem is (Theo-
rem 1 in [5]):
Theorem 27.
IndexTα = (ch(α) ∪Td(M))[M]
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Proof. The complex manifold Ω is a spinc manifold, and so is its boundary
M . 1 Using the projection P+ onto the positive space of the Dirac operator
of M , as in the introduction of this paper, we form a Toeplitz operator
Tα = (P+ ⊗ Ir)Mα ∶ L2+(M,S)⊗Cr → L2+(M,S) ⊗Cr
Theorem 27 follows from Theorem 1 if we can show that
IndexTα = IndexTα
If Ω is strictly pseudoconvex, then the sheaf cohomology Hk(Ω0,O) is
a finite dimensional complex vector space for k > 0 (Proposition 4 in [7]).
Here O denotes the structure sheaf (germs of holomorphic functions) of Ω0.
H0(Ω0,O) is the space of holomorphic functions on Ω0. Hk(Ω0,O) identifies
with the homology of the Dolbeault complex, acting on smooth (0, k)-forms.
The Dirac operator of Ω0 is the assembled Dolbeault complex,
D
†
Ω
= ∂¯ + ∂¯∗ ∶ C∞(Ω0, S+)→ C∞(Ω0, S−)
with positive and negative spinor bundles
S+ = ⊕
k even
ΛkT 0,1Ω S− = ⊕
k odd
ΛkT 0,1Ω
Therefore the null space of D†
Ω
is a direct sum of the space of holomorphic
functions and a finite dimensional space.
In section 5 the Dirac operator DΩ acts on C
∞-sections with compact
support,
DΩ ∶ C∞c (Ω0, S+)→ C∞c (Ω0, S−) Ω0 = Ω ∖M
Elliptic regularity implies that the null space N (D¯Ω) of the maximal closed
extension of DΩ (as defined in section 5) consists of L
2-sections in the null
space of D†
Ω
,
N (D¯Ω) =N (D†Ω) ∩L2(Ω, S+)
Therefore the range of the Calderon projection P♮ (see section 6) is a direct
sum of H2(M) and a finite dimensional space. In summary, the ranges of
the projections S and P♮ differ by a space of finite rank, while P♮ and P+
differ by a compact operator — and so with the notation of section 6,
IndexTα = IndexT
♮
α = IndexTα

1A strictly pseudoconvex boundaryM is a contact manifold, with contact 1-form (∂ρ−
∂¯ρ)∣M . The spinc structure of M as the boundary of Ω agrees with its spinc structure as
a contact manifold.
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